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The Bhatnagar, Gross, and Krook modeled Boltzmann equation has been applied to simulate different fluid

dynamics problems with varying degrees of success. However, its application to direct aeroacoustic computation is

less successful. One possible reason could be its inability to recover the state equation correctly for a diatomic gas and

hence an inaccurate determination of the speed of sound. The present study reports on the development of an

improved modeled Boltzmann equation for aeroacoustics simulation. The approach is to modify the Maxwellian

distribution normally assumed for the equilibrium particle distribution function. Constraints imposed are the exact

recovery of the state equation for a diatomic gas and the Euler equations without invoking the small Mach number

assumption. Thus formulated, a distribution function consisting of the Maxwellian distribution plus three other

terms that attempt to account for particle–particle collisions is obtained. A velocity lattice method is used to solve the

improved modeled Boltzmann equation using an equivalent lattice equilibrium distribution function. The

simulations are validated against benchmark aeroacoustic problems whose solutions are deduced from a direct

numerical simulation of the Euler equations. The results of the improved modeled Boltzmann equation obtained

using a smaller computational domain are in excellent agreement with those deduced from direct numerical

simulation using a larger computational domain, thus verifying the viability and correctness of the modified

equilibrium distribution function.

Nomenclature

Cp = specific heat at constant pressure
c = speed of sound
D = problem dimension
DT = translational degree of freedom of the

particle
DR = rotational degree of freedom of the particle
e = internal energy
f = particle distribution function
feq = equilibrium particle distribution function
Kn = Knudsen number
L = characteristic length
M = Mach number
p = pressure
R = universal gas constant
T = gas temperature
t = time
u = fluid velocity vector
u = stream velocity component
v = normal velocity component
x = position vector
x = stream coordinate
y = normal coordinate
� = specific heat ratio
� = normalized temperature, RT
� = fluid conductivity
� = fluid shear viscosity

� = particle velocity vector
� = fluid density
� = lattice velocity magnitude
� = relaxation time

Subscripts

i, j = vector and/or tensor indices
o = microscopic reference condition
r = macroscopic reference condition
� = index for the lattice velocity
1 = upstream reference condition

I. Introduction

D IRECT aeroacoustic simulation (DAS) is much more difficult
and demanding because of scale disparity and the necessity to

resolve the acoustic disturbances correctly [1]. Therefore, numerical
errors have to be at least equal to or less than 10�5 to allow an accurate
resolution of the acoustic disturbances to be obtained. Numerical
schemes which are accurate enough for this purpose have been
proposed by Lele [2], Tam and Webb [3], and Visbal and Gaitonde
[4]. Since then, computational aeroacoustics have been carried out by
numerically solving either the Euler or Navier–Stokes (NS)
equations directly [1,5].

Recently, the modeled Boltzmann equation (MBE) has developed
into a promising alternative to the Euler and NS equations for
simulating aerodynamic flows, and laminar and turbulent fluid
dynamic flows [6–8]. This is because of the simplicity of the
Bhatnagar, Gross, and Krook (BGK) model [9] and the ability of the
MBE to recover the macroscopic governing fluid flow equations
assuming a lattice feq and using a velocity lattice numerical method
to solve the single scalar equation for f. This lattice Boltzmann
method (LBM) has drawbacks: chief among them are themonatomic
gas and very small M stipulations embodied in the assumed lattice
feq. Thus, its application to simulate aeroacoustic problems is in
doubt. Even then, attempts have been made to use the LBM to tackle
aeroacoustic problems [10–13]. However, the results are not very
satisfactory because the LBMcould not correctly recover � or� over
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the whole field, andM� 1 is inherent in the lattice feq, thus limiting
the applications to a narrow range of small M. Attempts to remedy
some of these shortcomings have been made by considering a
rotational degree of freedom in the model and by invoking the
Sutherland law as a constraint [14–16]. In spite of these
improvements, M� 1 is still inherent in the assumed lattice feq.
Therefore, it is clear that, if theMBEwere to be a viable alternative to
the Euler or NS equations for DAS, there is a need for an alternative
formulation in which the monatomic gas andM� 1 assumption is
not required in the solution of the MBE.

To further explore the viability of the proposed feq and the
inherent monatomic gas andM� 1 assumptions, a brief review of
thework that has been carried out in the analytical approach to extend
the MBE to polyatomic gas and the use of the lattice method to
remedy the drawbacks for aeroacoustic simulations is necessary. The
analytical approach is reviewed first and this is followed by a
discussion of the LBM. From this review, an approach to derive an
alternative feq and its lattice counterpart is identified for the present
study.

In principle, the original Boltzmann equation (BE) is valid for
polyatomic gas [17]. The solution of f should also be valid for
polyatomic gas if the collision integral on the right-hand side of the
BE could be modeled to include the nonlinear physics of the particle
collision processes. As such, the BE should be equally applicable for
aeroacoustic problems, as long as the Euler and NS equations can be
recovered from the BE with no restrictions imposed to compromise
the MBE. After all, the wave equation is a subset of the Euler or NS
equations. The minimum requirement then is the ability of the MBE
to recover the acoustic scaling form of the Euler and/or NS equations
[18]. The drawbacks of the current MBE is a consequence of the
oversimplification of the BGK modeling of the collision integral; it
models the collision integral by stipulating that f only deviates
slightly from feq and that sufficient collision physics have been
modeled in the proposed feq to allow a correct recovery of the Euler
and NS equations. This concept is valid, provided the proposal for
feq is general enough. However, the original BGK model only
considers the energy mode due to inelastic translational collisions;
therefore, it renders the resulting MBE valid for monatomic gas and
the need to invoke M� 1 in the recovery of the Euler and NS
equations.

Although the kinetic theory of polyatomic gas, especially diatomic
gas, is important for aerodynamic and acoustic problems, relatively
little work, other than those on monatomic gas, has been carried out
on their applications to aeroacoustics. This is because work on
polyatomic gaswould involve a generalization of theMBE to include
as many energy modes as mathematically possible. When the
rotational angular momentum is taken into account in the derivation
of feq, the resulting theory could be too complicated, especially for
numerical purposes.WangChang, Uhlenbeck, and deBoer (WCUB)
[19] suggested a WCUB equation by introducing a set of f for each
quantum mode to specify the internal state of the particles. This
equation is based on a spherically symmetric interparticle potential,
and it yields an appropriate description for polyatomic gas. However,
their formulation does not take into account the polyatomic gas with
significant dipole moments or with degenerating internal state [20].
This is in spite of the fact that the degenerate rotational states do play
an essential role in the angularmomentumpolarizations. TheWCUB
equation has been used by other researchers as a base to formulate
other models and approaches.

To improve the applicability of the WCUB approach, Morse [21]
simplified the WCUB equation using a BGK-type MBE. Later,
Holway [22] constructed an ellipsoidal statistical BGK model, and
applied it to the equation developed byMorse [21] to obtain a correct
�. This was achieved by replacing the Maxwellian distribution
function with an anisotropic Gaussian distribution. All of these
approaches, including the WCUB, encountered difficulties in
numerical applications because their proposed feq is a set of
Maxwellian distribution functions corresponding to different
internal states. If the velocity lattice method were used to solve this
MBE, there is no clear indication on how a corresponding lattice feq

could be derived. As a result, these approaches are seldom used to

solve practical fluid dynamic problems. Nevertheless, the idea of
considering multi-energy modes, instead of angular momentum
alone, to account for various internal degrees of freedom is
extensively employed in gas-kinetics schemes.

Xu and Prendergast [23–25] developed a family of finite volume
gas-kinetic schemes based on the BGK model for the compressible
NS equations. Instead of using a set of distribution functions, they
introduce an internal variable to account for the internal degree of
freedom in polyatomic gas. The internal variable is particularly
useful in the derivation of the NS equations, and would not appear in
the final formulation of the scheme. The feq is assumed to be a
modified Maxwellian. A second-order-accurate scheme was
developed. Theoretically, interpolation techniques used to construct
the subcell structure can extend the scheme to higher-order
resolution and hence suitable for DAS.

The LBM approach to solve the MBE is considered a particular
discretization for the discrete BEwith second-order accuracy in both
space and time [26]. The discrete BE by nature is, in fact, a system of
inhomogeneous hyperbolic equations with nonlinear source terms.
In principle, higher-order-accurate solution of the discrete BE can be
achieved through the use of higher-order schemes. Various higher-
order numerical schemes have been proposed, and this includes a
higher-order compact-differencing and filtering algorithm, coupled
with a fourth-order Runge–Kutta scheme for simulating aeroacoustic
problems [2–4,27]. Therefore, numerically solving the MBE to
resolve the acoustic disturbances is no longer an obstacle [14–16].
However, accurate resolution of aeroacoustic properties still lies in
the ability of the BGK-type MBE to mimic correctly the physics of
aeroacoustics and its interaction with aerodynamic disturbances and
structural dynamics.

In the LBM approach to solve the MBE, some researchers choose
to employ the concept of the energymode to facilitate a free choice of
� and hence a tacit extension of the BGK model to polyatomic gas.
Tsutahara et al. [13] proposed the use of one additional distribution
function to simulate the internal degree of freedom, and a finite
difference lattice Boltzmann scheme was employed to solve the
resulting equation. On the other hand, shock capturing schemes
based on LBM with a multi-energy level were proposed to treat the
fully compressible Euler equations [28–30]. A similar technique,
incorporating flexible � and assuming a multi-energy level to
correspond to multilattice speed, is employed by Kataoka and
Tsutahara [11] to recover the NS equations, and they used an LBM to
solve the MBE for aeroacoustic problems. The lattice approach has
also been used to remedy the smallM assumption and to treat high-
speed flow problems [30]. Recovery of macroscopic physical laws
from the MBE with flexible � was determined by introducing
variable quantities related to energy levels rather than by assuming a
set of distribution functions. These variable quantities are mainly
introduced to facilitate numerical solutions and for ease of
mathematical manipulation; however, their physical meanings are
not clear. These approaches only concentrate on the discrete BE; the
recovery of the Euler and the NS equations from the continuous form
of the BE and the associated feq are not available. Therefore, these
approaches are not as appropriate for aeroacoustic simulations as the
finite volume gas-kinetic schemes [23–25].

This brief review indicates that the BGK-type MBE, with
appropriate modifications made to the continuous feq, could become
a viable alternative to the WCUB equation [19] or the finite volume
gas-kinetic scheme [23–25] for the simulation of aeroacoustic
problems. An attempt to develop a modified feq and apply it to DAS
is therefore carried out. It is clear that the objective is to derive a
modified feq and its lattice counterpart that would allow the ideal gas
law for diatomic gas and the Euler equations to be recovered
correctly without having to invoke theM� 1 assumption. After all,
the Euler equations have noM limitations becauseM simply does not
appear in the normalized equations [18]. To derive a correct � for air,
an alternative definition of the total energy under a proposed
simplified gas particle model for diatomic gas is suggested. Thus
formulated, the derived continuous feq is a modified Maxwellian
distribution plus other terms which are obtained by stipulating the
contribution of the different internal degrees of freedom. The
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constraints used to derive the modified feq are the physical laws, i.e.,
the acoustic scaling form of the Euler equations, the ideal gas law,
and the well-known equipartition theorem. A corresponding discrete
feq is also derived for the development of a finite difference lattice
Boltzmann scheme. A high-order (at least sixth order) scheme with a
two-dimensional nine-velocity (D2Q9) lattice model is used to solve
the MBE, and the results are compared with direct numerical
simulation (DNS) solutions of the benchmark two-dimensional (2-
D) aeroacoustic problems. It is shown that only nine lattice vectors
are required to obtain solutions of these aeroacoustic problems and
the accuracy is just as good as, if not better than, the DNS solutions
and those previously obtained by Li et al. [14,15], Kam et al. [16],
and Li [31] using a D2Q13 velocity lattice.

II. Recovery of Ideal Gas Law and Euler Equations

The starting point of the present analysis is theMBEwith the BGK
model invoked for the collision term. As a first attempt, the recovery
of the ideal gas law and the acoustic scaling form of the Euler
equations is attempted through the derivation of a modified feq.
Thereafter, themethodology is extended to derive a lattice feq, so that
it can be used to facilitate the numerical solution of the MBE. The
BGK-type MBE is given by

@f̂

@t̂
� �̂ � rx̂f̂��

1

�̂
�f̂ � f̂eq� (1)

where the hat is used to denote dimensional quantities. To recover the
acoustic scaling form of the Euler equations [18], Eq. (1) is made
dimensionless by choosing the following characteristic parameters:
L� xo=Kn as length, cr as velocity, �o as time, �r as density, c

2
r=Cpr

as temperature because this normalization would guarantee the
recovery of the acoustic scaling form of the Euler equations [18]. The
dimensionless variables are represented by symbols without the hat
and they are given as

x� x̂

xo=Kn
� x̂

L
; t� t̂

�o=Kn
� t̂

L=cr
; � � �̂

�o

p� p̂

�rc
2
r

�� �̂

�r
; e� ê

c2r
; u; �� û; �̂

cr

T � T̂

c2r=Cpr
�� �̂

c2r
; f; feq � f̂; f̂

eq

�r=c
D
r

f�n� � f̂
�n�

�rKn
n=cDr

; n � 0

(2)

where boldface letters are used to denote vectors. Expanding xi
(another form of writing x), t, and f in terms of Kn, the following
expressions are obtained:

xi � x�1�i � Knx
�2�
i �O�Kn2� (3a)

t� t�1� � Knt�2� �O�Kn2� (3b)

f� f�0� � Knf�1� � Kn2f�2� �O�Kn3� (3c)

@

@t
� @

@t�1�
� Kn @

@t�2�
(3d)

@

@xi
� @

@x�1�i
(3e)

Collecting same order terms to O�Kn2� gives the following three
equations for the fs

f�0� � feq to O�Kn0� (4)

@f�0�

@t�1�
� � � rx�1�f�0� � �

f�1�

�
to O�Kn1� (5)

@f�1�

@t�1�
� @f

�0�

@t�2�
� � � rx�1�f�1� � �

f�2�

�
to O�Kn2� (6)

This set of equations is solved to determine feq, f�1�, f�2�, etc., under
certain macroscopic constraints to be specified. It should be pointed
out that, to derive the Euler equations, only Eqs. (4) and (5) are
required. Conventional thinking is that theNS equations and thefluid
transport coefficients would require the consideration of Eq. (6).

A. Ideal Gas Law and Macroscopic Constraints

The macroscopic constraints are specified by the recovery of the
mass �, linear momentum �u, and internal energy e. To recover �
correctly, Li et al. [14] have shown that, in addition to DT , DR also
has to be considered in the energy model for et, the total internal
energy. Therefore, the constraints are given by

��
Z
feq d� (7)

�ui �
Z
feq	i d� (8)

�et � �e�
1

2
�juj2 �DT �DR

D

Z
1

2
feqj�j2d� (9)

where the integral is evaluated over the whole velocity space.
Defining K �DT �DR �D as the number of internal degrees of
freedom, Eq. (9) can be rewritten as

�et � �e�
1

2
�juj2 �DT �DR

D

Z
1

2
feqj�j2d�

�
Z

1

2
feqj� � uj2d�� K

D

Z
1

2
feqj�j2d�� 1

2
�juj2 (10)

where (� � u) is the peculiar velocity of a particle. The first term on
the right-hand side of Eq. (10) is �e and accounts for the translational
motion of the particle, whereas the second term accounts for the
rotational motion, and the third term represents the kinetic energy of
the flow. This energy model is different from that assumed in the
BGK model. In the following, it is shown that the second term in
Eq. (10) is sufficient to allow the ideal gas law for a diatomic gas to be
recovered and hence a correct estimate of c. Higher-order terms f�n�

are given by

Z
f�n� d�� 0 (11a)

Z
f�n�� d�� 0 (11b)

DT �DR

D

Z
1

2
f�n�j�j2 d�� 0 for all n � 1 (11c)

If the ideal gas lawwere to be recovered identically, this requires that
p� ��, and the equipartition theorem then gives

e�DT �DR

2
�� �

� � 1
where � �DT �DR � 2

DT �DR

(12)

This leads to a correct expression for e and an expression for � that
does not depend on D. Therefore, � � 1:4 is recovered exactly for
any D because DT � 3 and DR � 2, and c2 � �� is calculated
correctly once � is known. The next step is to recover the set of Euler
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equations and to identify constraints for the determination of a
continuous feq.

B. Recovery of Euler Equations

The continuity equation can be derived from the integral of Eq. (5)
by first setting f�0� � feq, the result (after setting t� t�1� and

xj � x�1�j ) is

Z �
@feq

@t
� @

@xj
��jfeq� � �

f�1�

�

�
d�) @�

@t
� @

@xj
��uj� � 0 (13)

which yields the correct continuity equation without any restrictions.
Similarly, the momentum equation can be derived from the

integral of Eq. (5) by first multiplying it by 	i to give

Z �
@feq

@t
� @

@xj
�	jfeq� � �

f�1�

�

�
	i d�

) @��ui�
@t
� @

@xj
�Pij � �uiuj� � 0 (14)

where
R
�	i��	j�feq d�� Pij � �uiuj has been assumed and implies

that Pij can be written as Pij �
R
�	i � ui��	j � uj�feq d�. Because

the definition of Pij has to include a component equal to the static
pressure p if the momentum equation is to be recovered correctly,
Pij ≠ 0. Therefore, rewriting Pij as Pij � p
ij � P0ij, an expression
for P0ij is deduced

P0ij �
Z
�	i��	j�feq d� � �uiuj � p
ij (15a)

where P0ij has to satisfy the constraint

@P0ij=@xj � 0 (15b)

With the stipulations given in Eq. (15), the inviscid momentum
equation is identically recovered from Eq. (15) as

@��ui�
@t

� @

@xj
��uiuj� � �

@p

@xi
(16)

It remains to determine P0ij which depends on feq. The final

expression forP0ij has to satisfy Eq. (15) and other constraints, if any,
necessary for the recovery of the energy equation.

The energy equation can be derived from the integral of Eq. (5) by
first multiplying it by �j�j2=2�	�DT �DR�=D
 to give

Z �
@feq

@t
� @

@xj
�	jfeq�

� � f
�1�

�

�
j�j2
2

�
DT �DR

D

�
d�) @

@t�1�

�
�e� 1

2
�juj2

�

�DT �DR

D

@

@xj

�
Qj � uj

�
1

2
�juj2 � 1

2
Pkk

�
� ukPjk

�
� 0

(17)

where

Qj �
�Z
�	j � uj�j� � uj2feq d�

�
=2

has been assumed. It then follows that

1

2

Z
�	j�j�j2feq d��Qj � uj

�
1

2
�juj2 � 1

2
Pkk

�
� ukPjk (18)

With these simplifications, and making use of p� ��� �� � 1��e,
Pij � p
ij � P0ij, and Eq. (15b), the following equation for e is

obtained

@

@t

�
�e� 1

2
�juj2

�
� @

@xj

�
uj

�
�e� p� 1

2
�juj2

��

� @

@xj

�
DT �DR

D
Qj �

DT �DR �D
D

uj

�
1

2
�juj2

�

�DT �DR �D
D

puj �
DT �DR

D

1

2
ujP

0
kk

�DT �DR

D
ukP

0
jk

�
� 0) @

@t

�
�e� 1

2
�juj2

�

� @

@xj

�
uj

�
�e� p� 1

2
�juj2

��
� @

@xj
�Q0j� � 0 (19)

where all terms inside the square bracket of the last term in Eq. (19)
have been replaced by Q0j. The energy equation can be identically

recovered if @Q0j=@xj � 0 orQ0j � 0 is assumed. Later derivation of

feq supports the assumption Q0j � 0, and this leads to

Qj ��
�
DT �DR �D
DT �DR

uj

�
1

2
�juj2

�
�DT �DR �D

DT �DR

puj

� 1

2
ujP

0
kk � ukP0jk

�
(20)

which can be evaluated once P0ij is completely determined. It is now

clear that a knowledge of feq would allow P0ij to be evaluated or vice
versa. The determination of P0ij is given by the solution of Eq. (15).

III. Formulation of Continuous f eq

The constraints on the determination of a continuous feq are the
definitions for mass, linear momentum, and internal energy, i.e.,
Eqs. (7–9), plus the constraints on P0ij which are given by Eqs. (15).
The definition for P0ij leads to a definite value for P0ii, but the
individual elements of P0ij still need to be evaluated. This can be

accomplished once feq is known. For monatomic gas, feq is given by
theMaxwellian distribution function [7]. The objective here is tofind
a modified feq for diatomic gas that could satisfy the constraints
given by the definitions of �, �u, e, P0ij, and Qj. Once this is

accomplished, the Euler equations are identically recovered with no
additional restrictions other than the continuum assumption.

A. Continuous f eq

To simplify the mathematics for the determination of feq, the
approach adopted here is to assume an feq guided by previous
analytical work [19–21] and to solve for P0ij. It is obvious that the
leading term should be given by amodifiedMaxwellian, so that in the
limit of a monatomic gas the BGKmodel for feq is recovered. Other
terms should make up the moments of � with unknown parameters
that could be scalars, vectors, or tensors. These terms are necessary if
energy effects given rise by particle–particle collisions, other than
the translational mode, and external heat sourcewere to be accounted
for. Sufficient number of moments should be considered so that all
elements of P0ij can be determined. The constraints are then used to

determine the unknown parameters. This approach to determine feq

is by no means unique; the viability of the resulting feq is tested
against benchmark problems in aerodynamics and aeroacoustics.
Thus determined, the feq, with �o a scalar, �j, aj, and bi vectors, �mn
a second-order tensor, and� an unknownparameter, can bewritten as

feq � �o exp
�
��

XD
k�1
�	k � bk�2

�
�
XD
i�1

�i	i exp	��j�j2


�
XD
m;n�1

�mn	m	n exp	��j�j2
 �
XD
j�1

aj	jj�j2 exp	��j�j2


(21)

The constraints given by Eqs. (7–9), (15a), and (20) for �, �u, e,
P0ij, andQj lead to the following equations for �o, �j, aj, bi, and�mn,
i.e.,
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(22d)

�
D

2
� D

DT �DR

�
puj �

D

DT �DR

1

2
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1�D
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�
�uj
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�
�obj
2

XD
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r
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�
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8�3
�D� 2�

����



�

r
D

(22e)

From Eq. (22d), it is obvious that � can be determined by assuming
p� �=2�. Because the state equation for diatomic gas is given by
p� ��, � is evaluated to be �� 1=2�. It now remains to solve P0ij
and determine �o, �j, aj, bi, and �mn introduced in Eq. (21).

B. Solution of P0ij for Three-Dimensional Flow

Before proceeding to determine �o, �j, aj, bi, and �mn, it is
necessary to solve forP0ij, which can be carried out by referring to the
constraints given in Eq. (15). For the 3-D case and using Cartesian
tensor notation, the @P0ij=@xj � 0 constraint in Eq. (15b) gives

@P011
@x
� @P

0
12

@y
� @P

0
13

@z
� 0 (23a)

@P021
@x
� @P

0
22

@y
� @P

0
23

@z
� 0 (23b)

@P031
@x
� @P

0
32

@y
� @P

0
33

@z
� 0 (23c)

According to Eq. (15a), the second-order tensorP0ij is symmetric and,

because P0ii is the trace of P
0
ij, it can be determined from Eq. (15a).

The resulting expression is given by

XD
i�1

P0ii �
D � �DT �DR�
DT �DR

�juj2 (24)

Taking the derivative of Eq. (23a) with respect to y and z, that of
Eq. (23b) with respect to x and z, and that of Eq. (23c) with respect to
x and y, and then summing them up and invoking Eq. (24), the
following equation is obtained:

@3

@x@y@z

�
D � �DT �DR�
DT �DR

�juj2
�
� @

@z

�
@2

@x2
� @2

@y2

�
P012

� @

@y

�
@2

@x2
� @2

@z2

�
P013 �

@

@x

�
@2

@y2
� @2

@z2

�
P023 � 0 (25)

At this point, there are six unknowns, P011, P
0
22, P

0
33, P

0
12, P

0
13, P

0
23,

and only four equations, (23a–23c) and (24), therefore, there is
freedom tomake further simplifications. As a guide, consider the 2-D
case. It can be easily shown that

@2

@x@y

�
D � �DT �DR�
�DT �DR�

�juj2
�
�
�
@2

@x2
� @2

@y2

�
P012 � 0 (26)

Analogously, the following isotropic assumption can bemade for the
3-D case, such that

@2

@x@y

�
D � �DT �DR�
3�DT �DR�

�juj2
�
�
�
@2

@x2
� @2

@y2

�
P012 � 0 (27a)

@2

@x@z

�
D � �DT �DR�
3�DT �DR�

�juj2
�
�
�
@2

@x2
� @2

@z2

�
P013 � 0 (27b)

This choice is not unique either. Presumably, the isotropic
assumption could be made for P012 and P023 or P013 and P023.
Substituting Eqs. (27a) and (27b) into Eq. (25), an equation forP023 is
obtained, i.e.,

@3

@x@y@z

�
D � �DT �DR�
3�DT �DR�

�juj2
�
� @

@x

�
@2

@y2
� @2

@z2

�
P023 � 0

(28)

With this equation, a complete set of equations for the determination
of P0ij is now available.

Solving the Poisson equations given by Eqs. (27a), (27b), and
(28), solutions for P012, P

0
13, P

0
23 are obtained. From Eqs. (23a–23c),

the solutions forP011,P
0
22,P

0
33 can be deduced. One possible solution

set for P0ij can now be written for an infinite domain RD

(�1 < xi <1) as

P0ij �
1

2


Z 1
�1

Z 1
�1
f�x0i; x0j� ln

1����������������������������������������������
�xi � x0i�2 � �xj � x0j�2

q dx0i dx
0
j

for i ≠ j (29a)

P0ij ��
Z XD

k≠i

@P0ik
@xk

dxi for i� j (29b)

where

f�x0i; x0j� �
D � �DT �DR�
Do�DT �DR�

@2�juj2
@x0i@x

0
j

with Do � 1 for 2-D flow and Do � 3 for 3-D flow. Therefore,
solutions for the 2-D and 3-D cases can be easily written from
Eq. (29).

Once the solution forP0ij has been obtained, the parameters �o, �j,
aj, bi, and �mn can be determined from Eqs. (22a–22e). The result
with D� 2 or 3 is

�o �
����������
2
�
p

D
� D � �DT �DR�
�DT �DR��

���������
2
�
p

D

1

2
�juj2 (30a)

�j �
1

�

�
�uj���������
2
�
p

D
� �obj � �D� 2��2aj

�
(30b)

aj �
1

�D� 2��3
���������
2
�
p

D

�
ujp

�
D � �DT �DR�
�DT �DR�

�
�
bj
2
�juj2

� D

�DT �DR�
uj

1

2
�juj2

�
(30c)
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bi �
�ui�������������������������������������������������������������������������������������������

1 � 	D� �DT �DR�=�DT �DR��
�1=2�juj2
p (30d)

�ij �
P0ij

2�2
���������
2
�
p

D
(30e)

Note that, in the derivation of a modified feq, no stipulation has
been imposed on � in the BGKmodel given in Eq. (1). This suggests
that the MBE thus modified is not restricted to a particular � and its
solution might not require adjustment to be made to �. The feq thus
derived allows the acoustic scaling form of the Euler equations to be
recovered with no additional assumption other than the dense gas
assumption (Kn� 1). Further note that all parameters will either
reduce to the BGK model identically or become zero for the
monatomic gas case. For monatomic gas, DT � 3, DR � 0, and
P0ij � 0 for i, j� 1; . . . ; D. If the positive sign in Eq. (30d) is chosen,

then bi � ui, �o � �=
���������
2
�
p

D, �i � ai � 0, and �ij � 0 for i,
j� 1; . . . ; D. It then follows feq, as given in Eq. (21), reduces to a
Maxwellian distribution function and the original BGK model is
fully recovered.

IV. Lattice f eq and Lattice Boltzmann
Method Simulation

The improved MBE is still a linear scalar equation with all
nonlinear particle collision effects modeled in the modified feq. It is
anticipated that the modified feq could more accurately reflect the
physics of the aerodynamic–aeroacoustic interaction. The scalar
equation is very amenable to numerical treatment and is not limited to
the velocity lattice method alone. Other finite difference schemes,
such as those proposed by Xu and Prendergast [23–25], could be
used to solve the equation numerically.

In the present study, the LBM is used to solve Eq. (1) with the
modified feq given byEq. (21), and the results are comparedwith two
benchmark aeroacoustic problems previously obtained by Li et al.
[14] and Li [31] using both LBM and DNS schemes. The purpose of
this comparison is to show that a more general feq would allow the
aeroacoustic disturbances to be evaluated accurately even when a
coarser lattice is used. By way of this comparison, the importance of
correctlymodeling the nonlinear physics of the collision processes of
diatomic gas in feq is demonstrated as well as the overall validity of
the modified BGK model for the BE. The use of LBM to solve the
MBE requires a corresponding lattice feq. In this section, the lattice
feq is derived and the associated parameters are determined by
invoking the constraints given in Eqs. (22a–22e).

A. Lattice f eq

Just as in the case of the continuous feq, the lattice feq also has to
lead to the Euler equations exactlywithout having to assumeM� 1.
In the past, derivation of a lattice feq relied on a Taylor expansion of
the Maxwellian distribution function [8]. The expansion is usually
made in terms of � � u and terminated after the second or third order.
The Taylor series is further assumed to be multiplied by weighting
factors that are dependent on the assumed lattice model used to
represent the discrete velocity space. These weighting factors are
determined from the constraints used to recover the Euler or NS
equation. Inherent in the Taylor expansion, in terms of � � u, is the
assumption thatM� 1. Therefore, it is this expansion that renders
the LBMnot entirely valid for anyM [32]. If the presentmethodwere
to be free of this assumption, another approach to derive a lattice feq

that does not depend on an expansion in terms of � � u has to be
found. A parallel could be drawn from the approach of Philippi et al.
[33]. Instead of expandingfeq in terms of � � u, a polynomial series in
� up to its second order could be assumed. Each term in the series is
weighted by coefficients that could be scalars, vectors, or tensors
depending on the nature of the term. With this understanding,
derivation of the lattice feq can now proceed forward.

Discretize the velocity space using the velocity lattice for a 2-D
flow and the discrete form of Eq. (1) becomes

@f�
@t
� 	� � rxf� ��

1

�Kn
�f� � feq� � (31)

where � is the index for the lattice velocity. In anticipation that, at
most, a D2Q13 model is required for accurate resolution of
aeroacoustic problems, only the methodology for the derivation of a
D2Q13 lattice feq� is presented next. For such a model, the lattice
velocity is given by

	o � 0; �� 0 (32a)

	� � �fcos	
�� � 1�=4
; sin	
�� � 1�=4
g; �� 1; 3; 5; 7

(32b)

	� �
���
2
p
�fcos	
�� � 1�=4
; sin	
�� � 1�=4
g

�� 2; 4; 6; 8
(32c)

	� � 2�fcos	
�� � 1�=2
; sin	
�� � 1�=2
g
�� 9; 10; 11; 12

(32d)

where� is a parameter to be specified later. Apolynomial series in the
particle velocity 	� is assumed for the discretized form of feq� . To the
second order, it can be written in 2-D Cartesian form as

feq� � A� � 	�xAx� � 	�yAy� � 	2�xBxx� � 	2�yByy� � 	�x	�yBxy�
(33)

where the coefficients A�, Ax�, Bxx�, etc., could be scalars, vectors,
or tensors. The constraints used to recover the Euler equations in
discrete form for 2-Dflows are obtained fromEqs. (22a–22e), and the
resulting equations are used to determine A�, Ax�, Bxx�, etc. Note
that this will give rise to nine equations. However, one equation is
redundant because it is a duplicate of the kinetic energy equation.
Consequently, only eight equations remain. The eight equations have
as unknowns the elements ofP0ij, which for a 2-D flow are reduced to

P0xx,P
0
xy, andP

0
yy; their values are given by solving Eqs. (23a), (23b),

and (26).
If the coefficients having the same “energy shell” of the lattice

velocities are assumed to be the same, the number of unknowns
resulting from the coefficients A�, Ax�, Bxx�, etc., are reduced to 19
for the D2Q13 case and 13 for the D2Q9 case. Because only eight
constraints are available for the determination of these coefficients,
there is certain flexibility and assumptions can be made to facilitate
solution of the eight equations. As a first attempt, 11 (or five)
coefficients can be assumed zero. Because simple algebra is
involved, details of this derivation are not shown; therefore, only the
results for the coefficients in Eq. (33) are given. One possible set of
solutions is

Ao � ��
2p

�2
� �� � 1� �juj

2

�2
; A1 � A2 � A9 � 0 (34a)

Ax1 �
2

3

�u

�2
� 1

3

�pu

�4
� �� � 1� 1

6

�juj2u
�4

; Ax2 � 0 (34b)

Ax9 ��
1

24

�u

�2
� 1

12

�pu

�4
� �� � 1� 1

24

�juj2u
�4

(34c)

Ay1 �
2

3

�v

�2
� 1

3

�pv

�4
� �� � 1� 1

6

�juj2v
�4

; Ay2 � 0 (34d)
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Ay9 ��
1

24

�v

�2
� 1

12

�pv

�4
� �� � 1� 1

24

�juj2v
�4

(34e)

Bxx1 �
1

2�4
�p� �u2 � P0xx�; Bxx2 � Bxx9 � 0 (34f)

Byy1 �
1

2�4
�p� �v2 � P0yy�; Byy2 � Byy9 � 0 (d34g)

Bxy2 �
1

4�4
��uv� P0xy�; Bxy1 � Bxy9 � 0 (34h)

For a D2Q9 model, the velocity lattices are as defined in
Eqs. (32a–32c) and the lattice feq is again given by Eq. (33). The
coefficients in the lattice feq can be similarly determined. Finally, it
should be noted that the solution thus obtained is not unique.
Therefore, numerical results obtained from the discretized MBE
have to be validated against analytical results or DNS solutions of
aeroacoustic problems.

B. Improved Lattice Boltzmann Method Simulation

The discrete Boltzmann equation [Eq. (31)] can be viewed as a
system of inhomogeneous hyperbolic equations, and any standard
finite difference scheme can be used to solve it. Traditionally, the
lattice Boltzmann method refers to a particular discretization of
Eq. (31), with second-order accuracy in both spatial and temporal
dimensions. This simple formulation is called the lattice Boltzmann
equation (LBE) [34]. Because this scheme is only second-order
accurate, it is not suitable for DAS which requires high-order
accuracy. It is precisely for this reason that a higher-order scheme is
used in the present study. In the present numerical scheme, the term
on the right-hand side of Eq. (31) is evaluated locally at every time
step, whereas the second term on the left-hand side of Eq. (31) is
estimated using a sixth-order finite difference scheme similar to that
proposed by Lele [18]. A second-order Runge–Kutta time-marching
scheme is used to calculate the time-dependent term in Eq. (31).
Because the present scheme does not use the specific discretization
for LBE, strictly speaking, it is actually not an LBM scheme. Rather,
according to the terminology of Cao et al. [35], it is a finite difference
scheme for the lattice Boltzmann equation or a finite-difference-
based lattice Boltzmann method [36]. However, for the sake of
simplicity, the present numerical scheme will still be denoted as
LBM.

Details of the present numerical scheme used to solve the
discretized MBE are given in Li [31]; therefore, only the salient
points are repeated here. Li et al. [14,15] and Kam et al. [16] used a
computational domain of 22 � 22 with a grid size of 0:05 � 0:05 to
carry out their LBM and DNS simulations. To compare current
calculations with previous results [14], the same computational
domain and grid size is used in the present study. The relaxation time
� in Eq. (31) could be specified as follows. In the present formulation,
� andKn appear together as �Kn in Eq. (31), thus implying that � and
Kn need not be specified separately. Because � is ofO�1� andKn is
assumed to be very small (on the order of 10�7 according toChapman
and Cowling [17]), the term �Kn should be much smaller than one
when compared to other terms in Eq. (31). In the present calculation,
�t� �Kn� 10�5 is chosen, and this is sufficient to give results that
are in excellent agreement with DNS. Furthermore, numerical
instability was not encountered in all calculations carried out in this
study, even without using any high-order filter.

Different nonreflecting boundary conditions have been tested and
the absorbing boundary condition was found to give reliable and
accurate results compared with those obtained from DNS
simulations [16]. The absorbing region is chosen to be one, same

as that specified byKam et al. [16]. As for the damping coefficient, its
choice varies from problem to problem. Again, the value chosen in
[16] is used as the initial guess and it will be adjusted depending on
the problem investigated. In the present study, a D2Q9model is used
instead of a D2Q13 one, because later calculations show that the
coarser model is sufficient to give results with accuracy comparable
to DNS simulations. This is evidence that the modified feq with
sufficient particle collision physics built in is more preferable than a
finer lattice or the adoption of a multiple relaxation time [37,38].

Besides the nonreflecting boundary condition necessary for f, it
should be noted that, in solving for the macroscopic properties using
Eqs. (22a–22e) for the case of a 2-D flow, the tensor P0ij needs to be
evaluated from Eqs. (23), (24), and (26). Therefore, boundary
conditions are also required for all elements ofP0ij. As a first attempt,

either the first or second derivative of P0ij is specified to be zero at all
boundaries of the computational domain. As later calculations will
show, setting the first derivatives to zero is sufficient for the
aeroacoustic problems studied. Finally, an estimate of the magnitude
of the lattice velocity � can bemade. FromEq. (22c), andmaking use
of p� ��, the following bounds can be deduced for the particle
velocity 	�, i.e.,

min�j	�j2�
XN
��0

feq� 

4

DT �DR

�
�e� 1

2
�juj2

�


 max�j	�j2�
XN
��0

feq� (35)

Making use of themacroscopic constraints, Eqs. (22a) and (32b), the
magnitude of � can be determined as �2 � j	�j2, or explicitly as

� � j	�j �
�
2p1
�1
� 2

DT �DR

�u21 � v21�
�
1=2

(36)

for �� 1, 3, 5, and 7 only.

V. Results and Discussion

The improved LBM is validated against two benchmark
aeroacoustic problems that have been attempted by Li et al. [14] and
Li [31]. The problems are the propagation of a circular pulse in a
quiescent fluid and the propagation and interaction of three pulses in
a uniform stream. These two problems are chosen because they are
able to test the ability of the improved LBM to replicate the isotropic
behavior of propagation and the interaction between a vortex, a
pressure, and an entropy pulse in a uniform stream.

In view of the credibility and accuracy of the DNS scheme, it is
used in the present study as a benchmark to assess the improvedLBM
simulations. The DNS calculations are carried out by solving
Eqs. (13), (16), and (19) using afive-point, sixth-order compact finite
difference scheme suggested by Lele [2] to obtain the spatial
derivative, and an explicit fourth-order Runge–Kutta scheme for
time marching. The high-order filtering of Visbal and Gaitonde [39]
was applied to every final stage of the Runge–Kutta scheme to
suppress numerical instabilities due to spatial differencing. Again, a
domain size of 22 � 22with grid size given by 0:05 � 0:05was used.
The effect of different nonreflecting boundary conditions has been
investigated before and the absorbing boundary condition was found
to give the best result [16]. The dimensionless width of the absorbing
region is chosen to be one. Details of the DNS scheme and its
solutions of specific aeroacoustic problems are given elsewhere [31];
therefore, they will not be repeated here.

The errors between the LBM and DNS solutions of a macroscopic
variable b are expressed in terms of the Lq integral norm, i.e.,

kLq�b�k �
�
1

N

XN
j�1
jbLBM;j � bDNS;jjq

�1
q

(37a)

for any integer q, and its maximum
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kL1�b�k �max
j
jbLBM;j � bDNS;jj (37b)

The results of the improved LBM are compared with DNS
calculations and the error norms are deduced according to Eqs. (37a)
and (37b). A comparison of these error norms with previously
deduced results [14,31] is also made.

A. Circular Pulse in Quiescent Fluid

The fluctuations created by an initial circular pulse in quiescent
fluid would propagate equally in all directions. Because there is no
dissipation, the pulse would remain circular in shape for all time. To
test the ability of the improved LBMwith a D2Q9 lattice to replicate
the isotropic property of a circular pulse, it is used to simulate a
circular pressure pulse located at �x; y� � �0; 0� initially, and with
distribution given by

�� �1; u� 0; v� 0

p� p1 � " exp
�
� ln 2 � x

2 � y2
0:22

�
(38)

According to the acoustic scaling given in Eq. (2), �1 � 1 and
p1 � 1=�, whereas " is chosen to be "� 1 � 10�4. For this problem,
� is estimated from Eq. (36) and�t� 0:00001 is chosen for the time
step. Because the grid size is given by �x��y� 0:05, the ratio
�x=�t��y=Dt� 5 � 103 is 100 times larger than that used in the
DNS simulation. This ratio is not related to c as some previous work
on LBM suggested that it should. Computations are carried out in the
22 � 22 domain as well as in a smaller domain. In anticipation of the
fact that the Mach number at upstream infinity is specified asM1 �
0:9 for the three-pulse case, the choice of this smaller domain cannot
be too small; therefore, it is chosen to be 12 � 12 or slightly larger
than one-quarter the size of the 22 � 22 domain. This is because the
pulses would exit a smaller computational domain in a very short
time forM1 � 0:9 and there is little left in the domain to see at t� 1.
Because the absorbing region is chosen to be one, the actual
computational domain is 20 � 20 and 10 � 10 rather than 22 � 22
and 12 � 12. It is found that the results within the region 8 � 8 of the
two different calculations are essentially identical. Therefore, only
the results of the small domain simulations are reported. The error
norms as specified in Eqs. (37a) and (37b) are evaluated using the
improved LBM results from the small domain calculations and the
DNS simulation from the large (22 � 22) domain. They are listed in
Table 1 for comparison. The Lq and L1 are comparable if not better
than those obtained by Li [31] using a D2Q13 lattice model. This
shows that a physically appropriate feq plays a more significant role
than a finer lattice model.

The contours of p and u fluctuations are shown in Figs. 1a and 1b
at t� 2:5 and t� 5, respectively. Results from the improved LBM
simulations are shown in the top half of each panel, whereas the
lower half depicts the corresponding results from the DNS
calculations. Corresponding results of p � p1 and u � u1 along
y� 0 are plotted in Figs. 2a and 2b. It can be seen that the pulse
essentially remains circular as t increases, thus implying the

simulation using the improved LBM with a D2Q9 lattice is able to
predict the isotropic behavior of the circular pulse. Furthermore, the
improved LBM is sufficient to capture all details of the acoustic field
as given by the DNS solution.

To assess the effect of P0ij on the improved LBM results, the

contour plots of the three components of P0ij at t� 2:5 and t� 5 are

shown in Figs. 3a and 3b, respectively. The top panel of these two
figures shows P0xy, whereas the middle and bottom panels show P0xx
and P0yy, respectively. The center of P

0
ij coincides with the center of

the acoustic pressure pulse and is located at x� 0 and y� 0. Because
there is nomeanflow, the center does notmove as t increases. TheP0ij
elements are essentially symmetric about the x and y axis. This
symmetry remains unchanged with increasing t. It can be seen that
the maximum magnitude of the three elements of P0ij is very small,

the largest is on the order of 10�11, and is about 3 orders ofmagnitude
smaller than Lq and L1. The three elements of P0ij are essentially

identically zero. The reason why they are zero is because
P
P0ii is

essentially zero for the present problemwhere there is no mean flow,
a consequence of Eq. (24). According to Eqs. (33) and (34), the three
nonlinear terms on the right-hand side of Eq. (33) are reduced to
functions of p and �u � u; consequently, P0ij has no effect on the

calculation of Bxx1, Byy1, Bxy1. This is an indication that the effect
of P0ij on the calculated acoustic properties is insignificant; a

consequence of the lack of nonlinear effects due to the interaction of

Fig. 1 Contour map of the pressure and u-velocity fluctuation at

a) t� 2:5 and b) t� 5:0; lower half is DNS solution, top half is improved
LBMsolution. There are 16 equally distributed contour lines in each plot

bounded by amaximumof 9:5830E � 06 and aminimumof�4:9660E �
06 for Fig. 1a; a maximum of 6:8663E � 06 and a minimum of

�3:3495E � 06 for Fig. 1b.

Table 1 Error norms of improved LBM and DNS simulations of two aeroacoustic cases investigated

Circular pulse in quiescent fluid

t� 2:5 t� 5:0

Error norm L1 L2 L1 L1 L2 L1

Pressure 1:6249E � 08 2:6032E � 09 1:0302E � 09 2:1947E � 08 4:6028E � 09 2:2061E � 09
Density 2:6244E � 07 5:8839E � 09 1:3166E � 09 5:2212E � 07 1:1496E � 08 2:7932E � 09
u velocity 1:5352E � 08 1:8364E � 09 6:3757E � 10 2:0673E � 08 3:2785E � 09 1:4106E � 09

Three pulses in a uniform stream

t� 1:0 t� 1:5

Error norm L1 L2 L1 L1 L2 L1

Pressure 1:3111E � 06 1:0608E � 07 2:9029E � 08 1:2679E � 06 1:2835E � 07 4:2244E � 08
Density 1:3113E � 06 1:0820E � 07 3:0902E � 08 1:2680E � 06 1:3197E � 07 4:5280E � 08
u velocity 5:3208E � 07 3:8654E � 08 1:1463E � 08 7:9731E � 07 5:2193E � 08 1:8421E � 08
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aerodynamics and acoustics in the present problem. Therefore, the
P0ij results suggest that they are a measure of the importance of this

nonlinear interaction effect and are essentially zero for a linear
aeroacoustic problem.

B. Three Pulses in a Uniform Stream

The three-pulse interaction problem consists of a pressure, a
vorticity, and an entropy pulse propagating in a uniform mean flow
u1. Basically, only the pressure pulse is propagating with speed c,
the entropy pulse and the vortex pulse would move with u1. The
initial conditions are as given in Tam and Webb [3], i.e.,

�� �1 � "1ea � "2eb; p� p1 � "1ea (39a)

u� u1 � "2yeb; v� v1 � "2�x � 1�eb (39b)

a�� ln 2
�
�x� 1�2 � y2

0:22

�
; b�� ln 2

�
�x � 1�2 � y2

0:42

�

(39c)

where "1 � 0:0001 and "2 � 0:001. The mean field has reference
density, speed, and pressure given by �1 � 1, u1 � 0:9, v1 � 0,
p1 � 1=�. These initial conditions, except M1, are identical to
those specified in [14,16]. According to the acoustic scaling given in
Eq. (2), u1 is identical toM1. To illustrate the ability of the present
formulation to handle flows with high subsonic M, the choice
u1 �M1 � 0:9 is specified. Smaller M1 cases have also been
calculated to ensure the applicability of the improved LBM for all
subsonicM1 tested. Initialization of the pressure pulse is carried out
at x��1, y� 0, whereas the entropy and the vorticity pulse is
initialized at x� 1, y� 0. Again, � is estimated from Eq. (36),
�t� 0:00001 and �x��y� 0:05 are specified. The ratio
�x=�t��y=�t� 5 � 103 again has no relation to c. The
computational domain is chosen to be 12 � 12 to avoid the exiting of
the pulses from the computational boundary prematurely. The actual
domain is 10 � 10 after the absorbing region is subtracted out. As
before, the reference solution is given by the DNS solution in a
22 � 22 domain.

In the course of carrying out the simulation of this problem, it was
found that just invoking the absorbing boundary condition at the inlet
and outlet boundaries was not sufficient to suppress all disturbances
arising from boundary reflection and truncation errors. As a result,
very small background noises started to appear at the inlet boundary
after a finite period of time. To prevent this reflected wave from
propagating back into the computational domain, further treatment at
the boundaries is necessary. Several boundary treatments were tried
and it was found that the filtering treatment of Visbal and Gaitonde
[39] gives the best result. Consequently, this filtering treatment was
implemented after every time step, just as the case in the DNS
calculation. The results thus obtained are free of reflected
disturbances from the inlet and outlet boundaries.

In the calculation of Li et al. [14], the assumption of symmetry
coefficients of the lattice requires u to be much smaller than �. This
assumption is also inherent in the Taylor expansion of the
Maxwellian distribution made to derive the lattice feq. For a problem
with a relatively large u1, the validity of the Taylor expansion of the
Maxwellian function is called into question. Consequently, u1 was
subtracted from u and � in the definition of the Maxwellian
distribution function for this interaction problem. The present
formulation is not bounded by the M� 1 assumption; hence, it is
not necessary to invoke their treatment to u and �. Therefore, a
comparison between the present results and those obtained
previously [14,16]will further illustrate the importance of not having
to assumeM� 1 in the formulation of the improved LBM.

The p and u contours at t� 1 and t� 1:5 are plotted in Figs. 4a
and 4b. Again, the top half of each panel shows the improved LBM
result, whereas the lower half depicts the DNS calculation. The
distributions of p � p1 and u � u1 along the x axis at t� 1 and
t� 1:5 are shown in Figs. 5a and 5b, respectively, together with the
analytical inviscid solution [3]. All three solutions are essentially
identical. The calculated Lq and L1 are listed in Table 1 for
comparison. Their values are on the order of 10�6 or smaller. Similar
results are also obtained for cases with lowerM1 and the result for

Fig. 2 Distributions of the pressure andu-velocity fluctuation along the
x axis at a) t� 2:5 andb) t� 5:0; straight line isDNS solution; x indicates
improved LBM solution.

Fig. 3 Contourmap ofP0xy, P
0
xx, P

0
yy fluctuation distribution at a) t� 2:5

and b) t� 5:0; lower half is DNS result, top half is improved LBM result.

There are eight equally distributed contour lines in each plot. The

maximum and minimum bounds for Fig. 3a are 2:6064E � 11 and
�2:6059E � 11, 4:5406E � 12 and �5:5179E � 11, 4:5442E � 12 and

�5:5202E � 11; for Fig. 3b they are 1:3012E � 11 and �1:3010E � 11,

6:5680E � 13 and �2:8743E � 11, 7:4020E � 13 and �2:8758E � 11,

respectively, for P0xy, P
0
xx, P

0
yy.
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theM1 � 0:2 case is in agreement with [16], but they are not shown
for the reason of conciseness. Together, these results show that the
improved LBM is a viable alternative to the DNS for this three-pulse
problem.

The contour plots of the three elements of P0ij at t� 1 and t� 1:5
are shown in Figs. 6a and 6b, respectively. In each figure, the panels
from top to bottom depict P0xy, P

0
xx, and P

0
yy, respectively. The shape

of the P0xy contour looks like a four-leaf clover (Oxalis Deppei),
whereas those of P0xx and P

0
yy are like dumbbells. It can be seen that

the maximum magnitude of the contours is about 10�1. In general,
the magnitudes of the contours have increased significantly, a
consequence of Eq. (24) where u2 is on the order of one. This fully
illustrates the nonlinear behavior resulting from the interaction of the
mean flow with the pressure, vorticity, and entropy pulses. In other
words, the modified feq could sufficiently mimic the nonlinear
particle–particle interaction to reflect the nonlinear aerodynamic-

acoustic-vortex interaction. Finally, it should be pointed out that the
P0ij behavior is similar for other lower M1 cases calculated.

Therefore, P0ij could indeed be taken as an indicator of the extent of
the nonlinear behavior of the problem.

VI. Conclusions

The objective of the present study is to extend the BGK-type
modeled Boltzmann equation to simulate aeroacoustic problems to
directly resolve the nonlinear interactions between aerodynamics
and aeroacoustics. To accomplish this objective, improvement of the
BGK model is made to relax theM� 1 assumption inherent in the
adoption of the Maxwellian distribution for the equilibrium particle
distribution function feq and its lattice counterpart. The present
proposal derives an feq by imposing constraints related to the exact
recovery of the Euler equations without having to invoke theM� 1
assumption. The function thus derived consists of a leading term
given by a modified Maxwellian, and three other terms that are
moments of the particle velocity over the whole velocity space. This
function reduces exactly to the Maxwellian distribution for the case
of a monatomic gas with only the translational energy mode
considered. A corresponding lattice feq is also derived without
assuming the inner product of the particle velocity and themacrofluid
velocity to be small. Consequently, the derived lattice feq is not
subject to M� 1 either. Further, the BGK model is extended to
diatomic gas, and the approach used to accomplish that is to consider
the rotational degree of freedom in the internal energy. This
extension allows the ideal gas law to be correctly recovered.

Fig. 4 Contour map of the pressure and u-velocity fluctuation at

a) t� 1:0 and b) t� 1:5; lower half is DNS solution, top half is improved
LBM solution. There are 16 and 30 equally distributed contour lines in

the pressure and velocity plot, respectively, and the (maximum,

minimum) values of the pressure and u velocity at t� 1:0 and t� 1:5 are
�1:4619E � 05;�9:6695E � 06� for p and �2:0576E � 04;�2:0582E �
04� for u; �1:2167E � 05;�7:2213E � 06� for p and �2:0586E �
04;�2:0560E � 04� for u, respectively.

Fig. 5 Distributions of the pressure and u-velocity fluctuation along x
axis at a) t� 1:0 and b) t� 1:5: straight line is DNS and analytical

solution; x denotes improved LBM solution.

Fig. 6 Contourmap of P0xy, P
0
xx, P

0
yy fluctuation distribution at a) t� 2:5

and b) t� 5:0; lower half is DNS result, top half is improved LBM result.

There are eight equally distributed contour lines in each plot. The
(maximum, minimum) values at t� 1:0 and t� 1:5 for P0xy, P

0
xx, P

0
yy are

�9:7981E � 05;�9:6920E � 05� for P0xy, �9:9110E � 05;�3:1951E �
04� for P0xx, ��4:8594E � 01;�4:8627E � 01� for P0yy, and �9:8051E �
05;�1:0004E � 04� for P0xy, �9:9198E � 05;�3:1943E � 04� for P0xx,

��4:8593E � 01;�4:8627E � 01� for P0yy, respectively.
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This lattice feq is applied to simulate two benchmark aeroacoustic
problems: one is the propagation of a circular pressure pulse in a
quiescent fluid, and another is the propagation of a pressure, a
vorticity, and an entropy pulse in a uniform stream withM1 � 0:9.
The LBMusing aD2Q9 latticemodel is applied to simulate these two
problems. Together, these two cases test the ability of the lattice feq

and a D2Q9 model to replicate the isotropic behavior and the
complicated interaction of aerodynamics and aeroacoustics at
M1 � 0:9. The calculated results compared very favorably with
DNS simulations obtained by solving the Euler equations directly
using a sixth-order-accurate finite difference scheme. The error
norms between the improved LBMandDNS solutions are equal to or
smaller than those previously determined using a D2Q13 lattice
model. The calculated P0ij is essentially zero for the circular pulse

case, whereas their magnitudes are on the same order as the u
fluctuations for the three pulses in a uniform stream case. This
suggests that the modified feq and its lattice counterpart could model
the basic particle–particle interaction physics sufficiently well to
reflect the overall nonlinear behavior of the three pulses in a uniform
stream case. Therefore, the improved LBM is a viable alternative to
the DNS scheme for simulating aeroacoustic problems.
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